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Abstract
A discussion of polyhomogeneity (asymptotic expansions in terms of 1/r and ln r) for
zero-rest-mass fields and gravity and its relation with the Newman-Penrose (NP) constants
is given. It is shown that for spin-s zero-rest-mass fields propagating on Minkowski space-
time, the logarithmic terms in the asymptotic expansion appear naturally if the field does
not obey the “Peeling theorem”. The terms that give rise to the slower fall-off admit a
natural interpretation in terms of advanced field. The connection between such fields and
the NP constants is also discussed. The case when the background spacetime is curved and
polyhomogeneous (in general) is considered. The free fields have to be polyhomogeneous,
but the logarithmic terms due to the connection appear at higher powers of 1/r. In the case
of gravity, it is shown that it is possible to define a new auxiliary field, regular at null infin-
ity, and containing some relevant information on the asymptotic behaviour of the spacetime.
This auxiliary zero-rest-mass field “evaluated at future infinity (i+)” yields the logarithmic
NP constants.
1 Introduction
The asymptotic behaviour of the class of spinorial fields known as zero-rest-mass fields is closely
interwoven with that of the spacetime background on which the test fields propagate. If the
background spacetime describes the gravitational field of an isolated body, then one would expect
it to be asymptotically flat (i.e. like Minkowski as one recedes from the source). This notion
of asymptotic flatness is rather ambiguous, and has given place to the precise definitions of
asymptotic simplicity and weak asymptotic simplicity of Penrose [17], [9]. These definitions require
the existence of a conformal factor Ω, that allows us to endow the physical spacetime with a
smooth null 3-dimensional boundary (null infinity, I ), to obtain an extended manifold, the
unphysical spacetime. Null infinity consists of two disconnected parts: future null infinity I +,
and past null infinity I −. Penrose’s contruction is no doubt elegant and has given rise to
a huge amount of developments in the area of the asymptotic behaviour of fields (not only
the full non-linear gravity, but also the Maxwell field and linear gravity), however, it is still
the subject of debate whether or not there exists a class of physically meaningful spacetimes
that are asymptotically simple [9]. Specific examples do exist, but they are not completely free
of objections [3] (it has been shown for example that the C-metric has a complete I that is
punctured at two points).
When solving the equations for a particular field (a zero-rest-mass field, or even the gravi-
tational field), one has always to decide on the asymptotic behaviour one is going to allow the
field to have. Penrose [15], and Newman & Penrose [12] assumed that the fields evaluated at
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the null boundary of the conformally rescaled spacetime should be regular (i.e. bounded, and
with at least some given number of derivatives). This choice of asymptotic behaviour turns out
to be equivalent to assuming that the components of the relevant fields obey the Peeling theo-
rem. As it has been discussed elsewhere [24] and will also be discussed further in the present
article, the Peeling theorem is also a consistency condition on the type of asymptotic expansion
one should use to calculate the fields. The asymptotic expansions using Penrose’s Ansatz can be
performed fully using power expansions in 1/r. However, the analysis of the non-linear stability of
Minkowski spacetime has shown that the generic asymptotically simple solutions of the Einstein
field equations do not peel in the Penrose sense [6]. Moreover, there are a number of results that
tend to suggest that a less restrictive setting for the asymptotic study is that of polyhomogeneous
expansion, i.e. series expansions in terms of powers of 1/r and ln r (see for example the analysis
of [2] and [8]). One of the key objectives of the present article is point out that the ln r terms in
the asymptotic expansions arise in a natural way when one works with fields that do not peel.
A number of results that hold for peeling fields have their counterpart within the realm of
non-peeling polyhomogeneous fields [8], [22], [23], however the fact that some of the components
of the fields studied are not regular at null infinity makes difficult the direct application of some
standard lines of argument. Most of our analysis will be carried out by performing “formal
expansions” of the diverse components of the fields and the spacetime. The adjective formal is
included here because we will not be concerned with the convergence of the series expansions. A
crucial observation in the present analysis is the fact that although due to the presence of some
particular powers of 1/r and ln r some components of the zero-rest-mass field are not defined at
I , the coefficients attached to these expansions are perfectly well defined functions on I .
One asymptotic property of the zero-rest-mass field and gravity we will be most interested
in is the existence of conserved quantities at null infinity [13], [14], [22], [23]. These quantities
are known as the Newman-Penrose constants of the field. For a field propagating in Minkowski
spacetime (e.g. the Maxwell field or linear gravity) there is an infinite hierarchy of Newman-
Penrose constants. If the background spacetime is curved (polyhomogeneous or not), then only
the first constants of the hierarchy survive. In general there will be only 2s+1 conserved quantities
for an arbitrary spin-s zero-rest-mass field propagating in a curved spacetime.
The NP constants possess several interesting properties. Among them stands the fact that
they can be deduced from the “formal evaluation of the field” at future time infinity (i+) by
means of an integral representation (Kirchoff-d’Adhemar formula) [14], [18], [16], [17]. Another
property is that it is possible to identify the invariant transformations of the Lagrangian of the
field that give rise to the conserved quantities (inverse of Noether’s theorem) [10]. This analysis
was carried out for peeling fields, and its principal result is that the invariant transformation
has support on the boundary of the spacetime (null infinity). This seems to indicate somehow
that the constants arise due to the kind of boundary conditions adopted. Due to problems of
regularity on I these arguments cannot be applied directly to polyhomogeneous fields. One of
the objectives of this article is to provide a solution to this issue. This will result in the gain of
deeper insight into the structure of the non-peeling fields and in an unified point of view of the
non-logarithmic and logarithmic Newman-Penrose constants.
The article is organized as follows: in section 2, there is a brief discussion of the coordinate
system and tetrad that will be used. A working knowledge of the Newman-Penrose (NP) formal-
ism will be assumed. Also, a brief discussion on polyhomogeneous expansions is given, however,
for further details we refer the reader to [22] and [23]. In section 3, zero-rest-mass fields prop-
agating on Minkowski spacetime are discussed. The emphasis is set on the properties of these
fields when the Peeling theorem does not holds. It is shown that if a field is not peeling, then
the asymptotic expansions will contain logarithmic terms. It is also shown that the non-peeling
components of the field can be interpreted as produced by advanced radiation. With respect to
the NP constants, an old result by Newman-Penrose regarding the vanishing of these quantities
for retarded fields is recalled. In section 4, there is a discussion on zero-rest-mass fields propa-
gating on a curved spacetime (polyhomogeneous or not). If the spacetime is polyhomogeneous,
then the test fields will also be polyhomogeneous, even if they are regular at I . This is due
to the logarithmic terms that appear in the connection. It is shown that the infinite hierarchy
of conserved quantities disappears, and conjectured that only the first set of constants survive.
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Finally, in section 5, the case of the gravitational field is treated. The gravitational spin-2 field
of Penrose is discussed. It is shown that for a generic polyhomogeneous spacetime, this field is
not regular at null infinity. An auxiliary field is constructed out of the logarithmic terms of the
components of the Weyl tensor. This field is regular at I , and hence it allows us to use the full
machinery developed for peeling fields. In particular, it allows us to give a new derivation of the
logarithmic NP constants. It also sheds some light on why the non-logarithmic quantities are not
conserved. In the appendix one finds the expressions for a set of advanced and retarded fields of
arbitrary spin. This is a direct generalization of the solutions for linear gravity (s = 2) given by
Torrence and Janis [21].
2 Notation & conventions
2.1 Coordinates and tetrad
Stewart [20] has constructed a coordinate system and a null tetrad well-adapted to the study
of the asymptotic behaviour of the gravitational field. These coordinates and null tetrads are
the ones that will be used in the present article. One begins by assuming that there is a one
parameter family of null hypersurfaces (Nu). One can use the parameter u of the family to define
a scalar field. On each of the geodesic generators γu of the null hypersurfaces it is possible to
choose an affine parameter r. The null hypersurfaces Nu intersect I in cuts Su. On any one
of these cuts, say S0, we can choose arbitrary coordinates xα, α = 2, 3. The coordinates xα can
be propagated on I by demanding xα = const on each generator of I . In this way one has
constructed a coordinate system (u, r, xα) in the neighbourhood of I .
Once the coordinate system has been set, one can proceed to construct a null tetrad. An
obvious choice for the first element of the tetrad is the gradient of the null hypersurfaces
l = du. (1)
The vector field la is tangent to the geodesic generators γu of Nu. The freedom of the scaling of
the affine parameter of these generators can be used to set
la =
∂
∂r
. (2)
Let us denote the 2-surfaces u = const, r = const by Su,r. It can be seen that la is future
pointing and orthogonal to Su,r. There is only one other null direction with the same properties.
The second vector of our tetrad na is chosen to be parallel to this direction. The two other vectors
of the tetrad, ma and ma, are constructed so that they span the tangent space to Su,r, T(Su,r).
So from this construction one deduces
na =
∂
∂u
+Q
∂
∂r
+ Cα
∂
∂xα
, (3)
ma = ξα
∂
∂xα
, (4)
so that the contravariant metric tensor is
gab =

0 1 0 0
1 2Q Cθ Cϕ
0 Cθ −2ξθξ
θ
−ξθξ
ϕ
− ξ
θ
ξϕ
0 Cϕ −ξθξ
ϕ
− ξ
θ
ξϕ −2ξϕξ
ϕ
 , (5)
Using a spin-boost it is possible to set ǫ = ǫ everywhere. From the commutator equations we
deduce
κ = ǫ = 0, (6)
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τ = π = α+ β (7)
and ρ and µ are real. At each point of the spacetime one can also introduce a dyad of spinors
(oA, ιA) with the normalization oAι
A = 1(la = oAoA
′
, na = ιAιA
′
, ma = oAιA
′
).
In the case the spacetime is Minkowski (M) one has:
Q = −1/2, Cα = 0,
ρ = −1/r, α = −β = −2−3/2 cot θ,
µ = −1/2r
(8)
and
ξα = 2−1/2
(
1
−i csc θ
)
(9)
and all the remaining spin coefficients equal to zero.
Quantities evaluated in the conformally rescaled (“unphysical”) spacetime will be denoted by
a caret (ĝab = Ω
2gab).
2.2 Asymptotic expansions and polyhomogeneity
As mentioned before, the classical work on the asymptotics of linear fields and the gravitational
field has been done by means of series expansions in powers of 1/r. In the present work we will
be interested in a broader setting, that of polyhomogeneous expansions (power series in 1/r and
ln r). Hence it will be assumed that all relevant quantities can be expanded in such a way. For a
detailed discussion on the way this can be done within the NP framework the reader is referred
to references [22], [23]. If the function f is polyhomogeneous, then we will write
f =
∑
i=1
fir
−i,
=
∑
i=1
Ni∑
j=0
fijr
−i lnj r, (10)
where fi is a polynomial in z = ln r with coefficients in C
k(R×S2) (fi = fi,Ni ln
Ni r+ · · ·+ fi,0).
Differentiation with respect to z = ln r will be denoted by a prime (′). The symbol # will denote
the degree of a polynomial in ln r. In particular g′ = 0 implies #g = 0. The zero polynomial has
degree −∞ (#0 = −∞) by definition.
The expansions that we will use in the present article will be formal, in the sense that we
will not be concerned with the convergence of the series expansions. This is mainly because so
far there is no existence/uniqueness theorem for polyhomogeneous initial data avaible. A way of
looking as this is that all the relevant functions can be expanded up to a certain order in terms
of powers of 1/r and ln r plus a residue.
3 Spin-s zero rest-mass fields on Minkowski spacetime
3.1 Some generalities
The starting point of our discussion will be the class of spinor equations known as the massless
free-field equations for spin s [15]. Let φAB···L have 2s indices and be symmetric, φAB···L =
φ(AB···L). The massless free-field equation for spin s is
∇AA
′
φAB···L = 0. (11)
Using the spinors (oA, ιA) the dyad components of the field are:
φn = φA···PQ···Ko
A · · · oP ιQ · · · ιK , (12)
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where n is the number of ιA’s, and it ranges from 0 to 2s. It can be shown that φn has spin
weight s− n. The equations for a spin-s zero rest-mass field in the NP formalism are [18]:
Dφn − ðφn−1 = −(n− 1)λφn−2 + nπφn−1
−(2(n− s)ǫ+ (n− 2s− 1)ρ)φn − (2s− n)κφn+1, (13)
∆φn−1 − ðφn = (n− 1)νφn−2 − (nµ+ 2(n− s− 1)γ)φn−1
−(2s− n+ 1)τφn − (n− 2s)σφn+1, (14)
n = 1, . . . , 2s. D and ∆ are the covariant directional derivatives in the direction of la and na
respectively, and ð is the “eth” differential operator. The conventions of Penrose & Rindler [16]
will be followed. If the spacetime is curved, then ð can be also expressed in terms of a power
series:
ð = r−1ð1 + r
−2
ð2 + · · · , (15)
so that ðnf(r) = 0 [23]. If the background spacetime is flat, then only the first term in the
expansion is left (ð = r−1ð1).
The spinorial field φAB···L can be recovered from its components via
φAB···K = (−1)
2s
[
φ0ιA · · · ιK +
2s−1∑
n=0
(2s)!(−1)n+1φn+1
(n+ 1)!(2s− n− 1)!
ι(A···ιP oQ···oK)
]
, (16)
where the indices A · · ·P number (2s− n− 1).
When s = 1 the zero-rest-mass field corresponds to the electromagnetic (Maxwell) field, while
the case s = 2 corresponds to linearized gravity (linear perturbations over a fixed background).
Zero-rest-mass fields with a half-integer s correspond to fields that require a quantum inter-
pretation (neutrino fields, etc.), and shall not concern us. Zero-rest-mass fields with an s > 2
propagating on a curved background have to satisfy a consistency condition (Buchdahl constraint
[5]). Therefore they cannot be completely arbitrary. The cases s = 1, and s = 2 being the ones
with more relevance in our analysis, our discussion and proofs will be limited to them. In many
cases, for the sake of conciseness and clarity only the proofs for s = 2 will be given.
3.2 Peeling and polyhomogeneity
The classical study of the asymptotic behaviour of these fields has been done by assuming that
the components of the field can be expanded asymptotically in powers of 1/r. Closely related
to this kind of expansion is the famous result known as the Peeling theorem. If the conformally
rescaled zero rest-mass field φ̂AB···L is regular at I , then the physical components of the field
will satisfy
φn = O(r
−(2s+1−n)), (17)
n = 0 . . . 2s. This results holds for both flat and curved spacetimes.
It is perfectly possible to have zero-rest-mass fields with a decay that is slower than the one
prescribed by the Peeling theorem. If this is the case, then polyhomogeneous series will be required
to obtain asymptotic expansions. It is important to point out here, that the polyhomogeneous
expansions that are used are not the most general kind of expansions one could use. Expansions
with fractional powers of 1/r cannot be directly ruled out. The results on the nonlinear stability
of Minkowski spacetime of Christodolou & Klainerman give fall off of fractional order (e.g. Ψ0 =
O(r−7/2)). However, if one insists on working with integer powers of 1/r, then the natural way
of extending the results is by means of polyhomogeneous expansions. In this article only integer
powers of 1/r will be considered.
With this idea in mind, one sees that if the fields do not peel, then the polyhomogeneous
expansions arise in a natural way.
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Proposition 1 If a spin s zero-rest-mass field propagating on an asymptotically flat spacetime
has a fall off that is slower than the one that is prescribed by the Peeling theorem, then asymptotic
expansions for the field are polyhomogeneous (i.e. they include powers of ln r).
Proof. Consider a massless field that falls slower than is prescribed by the Peeling theorem
—φ0 = O(r
−(2s+1))—. Without loss of generality consider the minimal case (i.e. a field with a
fall off one power of 1/r slower):
φ0 =
∑
n=2s
φn0 r
−n, (18)
φ1 =
∑
n=2s
φn1 r
−n, (19)
where the coefficients in the expansions are allowed to have a dependence on ln r. The equation
(13) for a zero-rest-mass field propagating in an asymptotically flat spacetime with the tetrad
choice of section 2 reads,
Dφ1 − ðφ0 = πφ0 + 2sρφ1. (20)
Expanding this last equation with the help of (18) and (19) yields to the leading order (π contains
no terms of order 1/r in an asymptotically flat spacetime):
φ2s′1 = ðφ
2s
0 . (21)
This means that φ2s1 is a polynomial in ln r of one degree more than φ
2s
0 . If φ
2s
0 = 0 identically
(a peeling field) then no logarithmic terms appear in the expansions. On the other hand, if this
coefficient is different from zero, then the expansions contain logarithmic terms, i.e. they are
polyhomogeneous.
The general conclusion we extract is that in order to study zero-rest-mass fields that fall
slower than is prescribed by the Peeling theorem, polyhomogeneous expansions should be used.
A similar result is also true in the case of full non-linear gravity. This is also closely connected
to the Outgoing Radiation Condition of Bondi and Sachs (see, [4], [19]) and also [24]).
The kind of polyhomogeneous fields used in the previous proof will be known as “minimal”.
This is because these spacetimes violate the Peeling theorem in the simplest possible way, the
logarithmic terms in the expansions appearing naturally due to the presence of a non-peeling
term in the component φ0. Recall that this component corresponds to the free data on a null
hypersurface N0, all the other initial data is given on I . Therefore if one wants to put any
prescription on the fall off of the field, it has to be done directly on φ0.
Using arguments on the line of the proof, it is not difficult to show that the components of a
“minimal” non-peeling spin-s field propagating on Minkowski are given by:
φ0 = φ
2s,0
0 r
−2s +
(
φ2s+1,10 ln r + φ
2s+1,0
0
)
r−2s−1 + · · · , (22)
φ1 =
(
φ2s,11 ln r + φ
2s,0
1
)
r−2s +
(
φ2s+1,11 ln r + φ
2s+1,0
1
)
r−2s−1 + · · · , (23)
φ2 = φ
2s−1,0
2 r
−2s+1 +
(
φ2s,12 ln r + φ
2s,0
2
)
r−2s + · · · , (24)
...
φ2s = φ
1,0
2s r
−1 + · · ·+ φ2s−1,02s r
−2s+1 +
(
φ2s,12s ln r + φ
2s,0
2s
)
+ · · · , (25)
where several relations between the different coefficients hold. In particular, the “offending” term
φ2s,00 is a constant of motion (φ˙
2s,0
0 = 0). The case s = 2 has been worked out in appendix C, as
an illustrative example.
The field given by equations (22)-(25) is not regular at I because the component φ0 is not
bounded there. However let us consider the auxiliary field
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(1)
φ 0 = φ
2s+1,1
0 r
−2s−1 + φ2s+2,10 r
−2s−2 + · · · , (26)
(1)
φ 1 = φ
2s,1
1 r
−2s + φ2s+1,11 r
−2s−1 + · · · , (27)
...
(1)
φ 2s = φ
2s,1
2s r
−2s + φ2s,12s r
−2s + · · · , (28)
constructed out of the logarithmic coefficients in equations (22)-(25) (i.e. coefficients of the
form φx,1n ). It is not difficult to show that it satisfies formally the zero-rest-mass field equation
∇AA
′
(1)
φ AB···L= 0, and is regular at I . That this affirmation is true for the case s = 2 can be
seen by comparing the results of the appendices B and C. As will be seen later, this field carries
some information about the asymptotic behaviour of the polyhomogeneous field, but not about
its radiative properties, as the component
(1)
φ 2s (generally associated to the radiation field) goes
as 1/r2s, and not as the usual 1/r characteristic of radiation. In other words,
(1)
φ AB···L describes
the “higher asymptotics” of the polyhomogeneous zero-rest-mass field φAB···L.
Similarly, one can construct another spinorial field from the non-logarithmic coefficients in
(22)-(25), and demand that the series expansion contains no ln r in it:
(0)
φ 0 = φ
2s,0
0 r
−2s + φ2s+1,00 r
−2s−1 · · · , (29)
(0)
φ 1 = φ
2s,0
1 r
−2s + φ2s+1,01 r
−2s−1 · · · , (30)
...
(0)
φ 2s = φ
1,0
2s r
−1 + φ2,02s r
−2 · · · . (31)
Due to the requirement that the components of the field
(0)
φ AB···L contain no logarithmic terms,
it will not satisfy the spin-s zero-rest-mass field equation, but a non-homogeneous version of it:
∇AA
′
(0)
φ AB···L= f
A′
B···L. (32)
The spinor fA
′
B···L is completely symmetric on the indices A, . . . , L, and can be expressed in terms
of the coefficients of
(1)
φ 0 and its derivatives.
It is well known that a general zero-rest-mass field propagating on Minkowski spacetime is a
combination of advanced and retarded fields. It is a very difficult problem to decide whether a
particular field is retarded or advanced. However, there is a group of solutions to the zero-rest-
mass field equations for which this issue is settled. Torrence & Janis [21] found a class of solutions
for the spin-2 field on Minkowski that are constants on past null cones v = u + 2r. This fact
allows us to interpret these solutions as representing advanced radiation. Then, by performing a
time reversal of the solution, they were able to deduce the corresponding retarded field solutions.
The results of Torrence & Janis for the spin-2 field can be easily extended for the case of a field of
arbitrary spin s. The general expressions are found in the appendix A. Using these expressions,
it is possible to give an interpretation of the polyhomogeneous zero-rest-mass fields in M, in
terms of a suitable combination of advanced and mixed radiation fields; the “non-peeling” and
logarithmic terms in the asymptotic expansions of the field produced by a particular kind of the
Torrence-Janis advanced solutions.
Proposition 2 A linear field in M (Maxwell field, linear gravity) that is polyhomogeneous can be
written as the superposition of an advanced and mixed field, where the advanced field (incoming
radiation) accounts for the coefficients violating the Peeling theorem.
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Proof. In order to ease calculations, the calculations will be restricted to the case s = 2 (linear
gravity). Extensions to an arbitrary spin can be easily done. Also, without loss of generality let
the polyhomogeneous field be minimal, i.e.
φ0 = φ
4
0r
−4 + · · · . (33)
The coefficient φ40 is a constant of motion (see the previous discussion, and appendix C), hence
one can express it in terms of spin 2 spherical harmonics only,
φ40(θ, ϕ) =
∑(
φ40
)
lm
(2Ylm), (34)
where the coefficients
(
φ40
)
lm
are numerical constants. On the other hand, for a purely advanced
(incoming) spin-2 zero rest-mass field one has
φ0 = K2
∑
l,m
(2Yl,m)r
l−2∂l+2r
(
Blm(v)
rl−1
)
. (35)
An intelligent guess shows that the form of Blm necessary to account for the 1/r4 term in φ0 is
Blm = Blm0 (u + 2r)
l−1 ln(u+ 2r), (36)
= (2r)−l{ln 2 + ln r + (terms of order 1/r)} (37)
where the coefficient Blm0 is a constant. After some calculations, it is possible to find the specific
relation between the coefficients
(
φ40
)
and Blm0(
Ψ40
)
lm
= (−1)l+12l−1(l + 1)!K2B
lm
0 . (38)
Therefore, an advanced field satisfying (38) can account for the non-peeling coefficient in (33).
Because of the linearity of the field propagating on M, one can account for the higher order terms
in Ψ0 by an suitable superposition of more rapidly decaying retarded and advanced (mixed) fields.
3.3 The Newman-Penrose constants
A well-known property of “peeling” zero rest-mass fields propagating on Minkowski spacetime is
the existence of an infinite hierarchy of complex conserved quantities associated to the asymptotic
expansion of the field (the Newman-Penrose constants of the spin-s zero rest-mass field). The
conserved quantities can be readily deduced by taking equations (14) and (13) for n = 1 in M:
∂rφ1 − ðφ0 = −
2s
r
φ1, (39)
φ˙0 −
1
2
∂rφ0 − ðφ1 =
1
2r
φ0. (40)
If one assumes that the field zero-rest-mass field “peels”,
φ0 =
∑
i=2s+1
φi0r
−i, (41)
φ1 =
∑
i=2s
φi1r
−i, (42)
then after some calculations one obtains
(k − 2s)φ˙k+10 = −{ðð+ k(k − 2s− 1)}φ
k
0 , (43)
k = 2s + 1, . . .. From these equations it is not difficult to deduce the following hierarchy of
conserved constants for a (peeling) field of spin-s [14]:
Q
(s)
k,m =
∮
S2
φk0(sY k−s−2,m)dS, (44)
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with k = 2s + 2, . . . and −k + s + 2 ≤ m ≤ k − s − 2. In the case the field is non-peeling
(i.e. polyhomogeneous) the quantities given by (44) will not in general be constants, however it
is possible to construct an adequate generalization, the logarithmic Newman-Penrose constants.
This can be done by a direct calculation on the polyhomogeneous expansions, or more elegantly
by looking at the Newman-Penrose constants of the auxiliary field
(1)
φ ABCD. The logarithmic NP
constants of φABCD and the NP constants of
(1)
φ ABCD are equal by construction. By the same
token, one can see why quantities with the same structure of (44) in
(0)
φ ABCD are not conserved:
the auxiliary field
(0)
φ ABCD does not satisfies the zero-rest-mass field equation!
As was pointed out in early works by Newman & Penrose [14] the NP constants are trivial
for linear fields propagating in M in the sense that they vanish for purely retarded fields. Hence,
they just provide the asymptotic profile of incoming radiation.
Proposition 3 The Newman-Penrose constants of a purely outgoing linear field (e.g. Maxwell
field or linear gravity) vanish.
Proof. We will limit ourselves to the case of a peeling spin-2 field. The component n = 0 for
a purely retarded field is given by (from the appendix):
φ0 = K+2
∑
l,m
(2Yl,m)r
l−2(∂r − 2∂u)
l−2
(
blm(u)
rl+3
)
. (45)
KirchoffDue to the orthogonality properties of the spherical harmonics, the k-order NP constants
(k = 2s + 2, . . .) will be different from zero if the coefficient φk0 (that goes with 1/r
k) contains
l = k − 4 harmonics. However, a close examination of equation (45) shows that the required
spherical harmonics appear at order 1/r5 and 1/rk−1, not at order 1/rk as required. Therefore
the NP constants are zero (the whole hierarchy!).
When the spacetime is curved, the only remaining constants are the first ones in the hierarchy
(k = 2s+ 2):
Q(s)m = Q
(s)
s,m =
∮
S2
φ2s+20 (sY s,m)dS. (46)
The fact that these constants are the important ones to look at is also strengthen by the fact
that these are the ones that can be deduced using the so-called generalized -d’Adhemar formula.
This formula allows us to know the value of a zero rest-mass field φAB···L at a point P in terms
of its value at the intersection S of its (say) past light cone C with a null hypersurface N
(S = C ∩N ):
φAB···L =
(−1)2s
2π
∮
S
1
p
ιA · · · ιLjCφ0dS , (47)
where φ = φAB···Lo
AoB · · · oL is the null datum at N , and jC = ∂r − 2s(ρ+ ǫ)− ρ [16]. Let Q
be a typical point on the cross section S of the light cone C . The quantity p is the measure of
the extent of the portion of null geodesic joining the point Q and P , scaled by the tetrad vector
na; that is, p2dσ = dS , where dΣ is the area element traced out on the tangent space at P by
the vector na.
This integration can also be performed when the light cone C becomes I + so that one could
think of measuring the field at i+. The “value” of the field has to be independent of the cut of
I + one chooses to integrate, so that in this case one has 2s + 1 linearly independent complex
quantities referred to as the Newman-Penrose (NP) constants of the spin-s zero rest mass field:
Q(s)m =
∮
S2
(sY s,m)φ
2s+1
0 dS. (48)
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4 Zero-rest-mass field in an asymptotically flat spacetime
If the zero-rest-mass field is propagating on a curved spacetime, then one cannot talk any longer
about purely retarded/advanced fields. This is mainly because one would expect some backscat-
tering of the field with the background, producing incoming radiation if the field is outgoing, and
vice versa. Hence a purely retarded field that is let evolve on its own, will eventually develop an
advanced component.
4.1 If the background peels
The evolution equations for the diverse components of the field φABCD will be modified due to
the curvature of the spacetime. This will mean that the relations 43 that gives rise to the infinite
hierarchy of NP constants are in general no longer valid. Only for the first term of the hierarchy,
the curvature due terms seem to “conspire” to get conserved quantities. Whether this happens
for some (unknown) higher order is still an open question, however, it may be quite unlikely
because of the ever growing number of terms.
4.2 If the background does not peel
If the background does not peel (polyhomogeneous), then things get much more complicated. It is
clear that the presence of ln r terms in the connection will give rise to ln r terms in the expansions
of the zero-rest-mass field. Moreover, for some polyhomogeneous backgrounds one finds that a
field that initially peels (on N0) will generate non-peeling terms. In order to see this, consider
the evolution equation for the φ0 component of a spin 2 zero-rest-mass field:
∆φ0 − ðφ1 = (4γ − µ)φ0 − 4τφ1 + 3σφ2. (49)
If the background spacetime is such that Ψ0 = O(1/r
3), then the leading term of the shear (order
1/r2) will contain logarithmic terms [22], [23]. Equation (49) at order 1/r5 yields:
φ˙50 − ð1φ
4
1 = 3σ2φ
3
2. (50)
Therefore, if σ2 contains ln r terms then φ˙
5,1
0 6= 0, and hence the field will develop logarithmic
terms in φ50. The resulting zero-rest-mass field will not be regular at I .
If the background spacetime is minimally polyhomogeneous, the ln r terms in the field will
appear at order 1/r6 (σ2 is logarithm-free), and it will peel for later times if it did initially. The
evolution equation for the 1/r6 coefficient in φ0 (φ
6
0) is:
φ˙60 = −ððφ
5
0 − 4ð(σ2φ
2
1) + 3σ3φ
3
2. (51)
The logarithmic terms in φ60 appear due to the presence of the term 3σ3φ
3
2 in the right-hand side
(σ3 = σ2,1 ln r + σ2,0 for a minimal non-peeling spacetime [23]). The term φ
3
2 (the leading one in
φ2) is usually interpreted as the monopolar part of the spin 2 field. When it is not present the
ln r terms in the expansions due to the connection will appear at a higher order in 1/r: O(r−7).
The construction of auxiliary fields for non-peeling zero-rest-mass fields described in section
3 can be extended to the case of curved spacetimes. For the sake of clarity and conciseness,
it will be assumed that both the spin 2 zero-rest-mass field and the spacetime background are
minimal. Extensions to for general kind of fields, background and spin can be done in a fairly
straightforward way.
From the previous discussion one knows that the auxiliary fields (being fields propagating in
a polyhomogeneous spacetime) will have ln r terms in their expansions. However, the auxiliary
fields have no monopolar part (the leading terms in ψ2), and therefore these logarithmic terms
will appear at order O(r−7). Hence, the auxiliary field will still be regular at I .
As mentioned before, the characteristic initial value problem for a zero-rest-mass field is set
by giving
φ0 = φ
4
0r
−4 +
(
φ5,10 ln r + φ
5,0
0
)
r−5 +
(
φ6,10 ln r + φ
6,0
0
)
r−6 + · · · , (52)
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on an initial null hypersurface N0, φ̂1 and φ̂2 on Z = N0 ∩ I , and φ̂4 on I + [15]. The
minimal polyhomogeneous (and non-peeling) field obtained from this initial value problem has
the standard form,
φ0 = φ
4
0r
−4 +
(
φ5,10 ln r + φ
5,0
0
)
r−5 +
(
φ6,10 ln r + φ
6,0
0
)
r−6 +O(r−7 ln r), (53)
φ1 =
(
φ4,11 ln r + φ
4,0
1
)
r−4 +O(r−5 ln r), (54)
φ2 = φ
3,0
2 r
−3 +O(r−4 ln r), (55)
φ3 = φ
2,0
3 r
−2 + φ3,03 r
−3 +O(r−4 ln r), (56)
φ4 = φ
1,0
4 r
−1 + φ2,04 r
−2 + φ3,04 r
−3 +O(r−4 ln r). (57)
From this field one can construct out of the logarithmic coefficients (φx,1n the auxiliary field
(1)
φ 0= φ
5,1
0 r
−5 + φ6,10 r
−6 +O(r−7 ln r), (58)
(1)
φ 1= φ
4,1
1 r
−4 + φ5,11 r
−5 + φ6,11 r
−6 +O(r−7 ln r), (59)
(1)
φ 2= φ
4,1
2 r
−4 + φ5,12 r
−5 +O(r−6 ln r), (60)
(1)
φ 3= φ
4,1
3 r
−4 + φ5,13 r
−5 +O(r−6 ln r), (61)
(1)
φ 4= φ
4,1
4 r
−4 + φ5,14 r
−5 +O(r−6 ln r), (62)
(63)
that can be shown to satisfy the spin 2 zero-rest-mass field equation,
∇AA
′
(1)
φ ABCD= 0. (64)
If the polyhomogeneous test field is propagating on a background that is also polyhomogeneous,
then the higher order components (those contained in the order symbol) will not coincide with
those of the logarithmic terms in the original field. This as discussed previously is due to the
presence of logarithms in the connection. Therefore, in order to define the auxiliary field correctly,
one has to do it from an initial value problem. This auxiliary characteristic initial value problem
is set by giving
(1)
φ 0= φ
5,1
0 r
−5 + φ6,10 r
−6 + · · · , (65)
on N0 together with
(̂1)
φ 1 = φ
4,1
1 ,
(̂1)
φ 2 = 0 on Z , and
(̂1)
φ 3 =
(̂1)
φ 4 = 0 on I
+.
As discussed previously, the auxiliary field contains no monopolar term, and hence the loga-
rithmic terms due to the connection appear at order 1/r7. Details of the calculations involved are
shown in the appendix D. Hence the leading terms of the auxiliary field (up to order 1/r6) will
be the same as those in the logarithmic terms of the original field. In particular, the logarithmic
NP constants of the field will coincide with the NP constants of the auxiliary field.
5 The gravitational field
5.1 A hierarchy of auxiliary fields
It is tempting to extend some of the ideas discussed in the previous sections to the case of the full
nonlinear gravitational field. All the tools needed are already in our hands, only some precisions
will be needed in terms of defining a zero-rest-mass field that describes the asymptotic behaviour
of the gravitational field.
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A well known property of the Weyl spinor ΨABCD is that it is conformally invariant [17], [20],
i.e.
Ψ̂ABCD = ΨABCD, (66)
while the Einstein field equations are not conformally invariant (a vacuum solution in the physical
spacetime may no be so one the unphysical manifold). In contrast, a massless spin-2 field φABCD
has to transform as
φ̂ABCD = Ω
−1φABCD (67)
in order to keep the zero rest-mass field equations conformally invariant. Since the vacuum
Bianchi identities are simply the massless spin-2 field equations, it is legitimate to define a spin-2
zero-rest-mass field (the gravitational spin-2 field) by [15], [17]
ψABCD = ΨABCD, (68)
so that ψ̂ABCD = Ω
−1ψABCD = Ω
−1ΨABCD. The different components of ψ̂ABCD are of rele-
vance in the study of gravitational radiation. When the spacetime “peels” several results con-
cerning massless fields can be directly applied to the spinor ψABCD. However, as discussed before
(see also [24]) if the spacetime is polyhomogeneous then the Peeling theorem is no longer valid,
and therefore some of the components of ψ̂ABCD diverge at I ( ψ̂0, and ψ̂1 if Ψ0 = O(r
−4 lnN4 r),
plus ψ̂2 if the spacetime has Ψ0 = O(r
−3 lnN3 r)). This clearly precludes the direct application of
some results which require the finiteness of the fields at null infinity. ‘ One is therefore left again
with the necessity of constructing a zero rest-mass field with a regular behaviour at I , that gives
information about the higher asymptotics of the Weyl tensor.
As before, for clarity and conciseness the analysis will be limited to the case of minimal poly-
homogeneous spacetimes. The extension to more general cases can be done in a fairly straight-
forward way. The components of the Weyl tensor for a minimal polyhomogeneous spacetime can
be expanded as:
Ψ0 = ψ0 = Ψ
4,0
0 r
−4 +
(
Ψ5,10 ln r +Ψ
5,0
0
)
r−5 +
(
Ψ6,10 ln r +Ψ
6,0
0
)
r−6 +O(r−7 ln r), (69)
Ψ1 = ψ1 =
(
Ψ4,11 ln r +Ψ
4,0
1
)
r−4 +
(
Ψ5,11 ln r +Ψ
5,0
1
)
r−5 +O(r−6 ln r), (70)
Ψ2 = ψ2 = Ψ
3,0
2 r
−3 +
(
Ψ4,12 ln r +Ψ
4,0
2
)
r−4 +O(r−5 ln r), (71)
Ψ3 = ψ3 = Ψ
2,0
3 r
−2 +Ψ3,03 r
−3 +
(
Ψ4,13 ln r +Ψ
4,0
3
)
r−4 +O(r−5 ln r), (72)
Ψ4 = ψ4 = Ψ
1,0
4 r
−1 +Ψ2,04 r
−2 +Ψ3,04 r
−3 +
(
Ψ4,13 ln r +Ψ
4,0
3
)
r−4 +O(r−5 ln r), (73)
where
Ψ˙4,00 = 0,
Ψ4,11 = ðΨ
4,0
0 , Ψ
5,1
1 = −ðΨ
5,0
0 ,
Ψ4,12 = −ðΨ
4,1
1 ,
Ψ2,03 = −ðσ˙2,0, Ψ
3,0
3 = −ðΨ
3,0
2 ,
Ψ1,04 = −σ¨2,0, Ψ
2,0
4 = ððσ˙2,0.
(74)
These series expansions are obtained by solving formally the asymptotic characteristic initial
value problem [11], which is set by supplying Ψ0 on an initial null hypersurface N0 (i.e. the set
of coefficients {Ψ4,00 , Ψ
5,1
0 , Ψ
5,0
0 , . . .} on N0), Ψ̂1 and Re Ψ̂2 (the coefficients Ψ
4,0
1 and ReΨ
3,0
2 ) on
the intersection of the initial null hypersurface and future null infinity Z = N0 ∩I +, together
with σ̂ (σ2,0) on I
+. As it has been discussed elsewhere [8], [22], [23], the logarithmic terms in
Ψ0 are necessary, even if they are not present at N0: the evolution equations, together with the
coefficient Ψ4,00 —that violates the Peeling theorem— will give rise to them.
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Hence, define the totally symmetric spinorial field
(1)
ψ ABCD so that its leading terms are given
by,
(1)
ψ 0 = Ψ
5,1
0 r
−5 +Ψ6,10 r
−6 +O(r−7), (75)
(1)
ψ 1 = Ψ
4,1
1 r
−4 +O(r−5), (76)
(1)
ψ 2 = Ψ
4,1
2 r
−4 +O(r−5), (77)
(1)
ψ 3 = Ψ
4,1
3 r
−4 +O(r−5), (78)
(1)
ψ 4 = Ψ
4,1
4 r
−4 +O(r−5). (79)
As discussed in the previous section, due to the presence of logarithmic terms in the connection
one is required to construct the auxiliary field from a characteristic initial value problem. Initailly
the coefficients in the expansion of the auxiliary field and those in the logarithmic terms of the
original field will coincide. The higher terms in the expansions (order 1/r7 onwards) may differ
at later times. However, the lower coefficients will always agree (including those tied to the
Newman-Penrose constants!). On the initial null hypersurface N0 one sets
(1)
ψ 0 |N0 = Ψ
5,1
0 |N0 +Ψ
6,1
0 |N0 + · · · . (80)
Note that this series expansion is bounded by that of Ψ0|N 0: |
(1)
ψ 0 |N0 | ≤ |Ψ0|N0 |. The remaining
initial data is prescribed by setting
(1)
ψ 1 |Z = ðΨ
4,0
0 and
(1)
ψ 2 |Z =
(1)
ψ 3 |Z =
(1)
ψ 4 |Z = 0 (Z =
N0 ∩I +). The initial data on the initial null hypersurface N0 contains no logarithmic terms,
however this will appear at later times due to the presence of ln r in the connection. It can be
shown that these logarithmic terms due to the connection will appear at order 1/r7 from
(1)
ψ 0 and
(1)
ψ 1, and at order 1/r
6 for the remaining components. Hence, they will not interfere with the
evolution of the leading terms of the field.
Direct calculations (similar to those in references [22] and [23]) show that the field given by the
equations (75)-(79) satisfies formally the spin-2 zero-rest-mass field equation ∇AA
′
(1)
ψ ABCD= 0,
to any desired order. It has to be pointed out that the previous discussion is not a rigorous
existence/uniqueness proof, but rather an argument in the formal expansions line of reference [8].
With regard to the conformal properties of the field
(1)
ψ ABCD, we will set
(̂1)
ψ ABCD = Ω
−1
(1)
ψ ABCD . (81)
in order to keep the zero-rest-mass field equation conformally invariant. The leading components
of the new auxiliary field will be of order 1/r4, hence from the Peeling theorem one can see that
it will have no algebraically special part. The auxiliary field is not a radiation field.
On the same line of thought one can define another field that will contain all the non-
logarithmic components of ΨABCD:
(0)
ψ 0 = Ψ
4,0
0 r
−4 +Ψ5,00 r
−5 +Ψ6,00 r
−6 +O(r−7), (82)
(0)
ψ 1 = Ψ
4,0
1 r
−4 +O(r−5), (83)
(0)
ψ 2 = Ψ
3,0
2 r
−3 +O(r−4), (84)
(0)
ψ 3 = Ψ
2,0
3 r
−2 +O(r−3), (85)
(0)
ψ 4 = Ψ
4,0
4 r
−1 +O(r−2). (86)
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If one demands that no logarithmic terms appear at the leading terms (e.g. at 1/r4 in
(0)
ψ 1),
then using the proposition 1, the field
(0)
ψ ABCD, will not satisfy the spin-2 zero rest-mass field
equations, but rather a non homogeneous version of it,
∇AA
′
(0)
ψ ABCD= f
A′
BCD, (87)
the source terms coming from the terms with logarithms.
If one wants to use the Kirchoff-d’Adhemar formula “to evaluate the gravitational spin-2 field
ψABCD at i
+” (in the sense discussed in section 3) for a polyhomogeneous spacetime, one finds
that the integrals diverge due to the non-regularity of ψABCD at null infinity. However, this “
evaluation at i+” is possible for the field
(1)
ψ ABCD for it is regular at I .
As a result of the evaluation of ψABCD at i
+ one finds that the five conserved complex
quantities ∮
S2
Ψ6,10 (2Y 2,m)dS, (88)
are precisely the so-called logarithmic Newman-Penrose constants of references [8], [22], [23].
Using the arguments of Newman & Penrose, it can be shown that these quantities are super-
translation invariant.
From this argument, it is clear why the quantities∮
S2
Ψ6,00 (2Y 2,m)dS, (89)
are not constants in the polyhomogeneous setting: the field associated with them (
(0)
ψ ABCD) is
not a zero rest-mass field.
This discussion can be extended for general polyhomogeneous spacetimes, obtaining a hier-
archy of fields
(N)
ψ ABCD, . . . ,
(0)
ψ ABCD in which only the field at the top of the hierarchy satisfies
the spin-2 zero rest-mass field equation, while the other fields satisfy non-homogeneous versions,
the source terms coming from the fields above in the hierarchical structure.
6 Conclusions
Some properties of spin-s massless fields have been studied. It has been shown how the notion of
polyhomogeneity arises naturally when the fields into consideration do not peel. As discussed in
the main text, an “unhappy” property of these non-peeling (polyhomogeneous) fields is that some
of their tetrad components diverge at null infinity. To account for this problem, a hierarchy of
auxiliary fields have been constructed. The fields in the hierarchy are esentially constructed out
of the coefficients of the same degree in ln r. One crucial property of the hierarchy of auxiliary
fields is that the field at the top of it (the one built with the coefficients of the highest powers of
ln r) is also a zero-rest-mass field regular at I . This field is non radiative, and hence it contains
information on the higher asymptotics of the field. In particular, one can construct the Newman-
Penrose constants of the auxiliary field, that by construction are the same as the logarithmic NP
constants of the original field. By means of this construction and the integral representation of
the fields, one can interpret all the NP constants (logarithmic or not) as the value of a field at
future infinity i+. The remaining auxiliary fields of the hierarchy do not obey the zero-rest-mass
equation, but a non-homogeneous version of it. This fact together with their divergence at I
precludes the use the Kirchoff-d’Adhemar for an evaluation at i+. Hence they donot give rise to
NP constants. Other possible uses of the present construction may include the discussion of the
invariant transformations generated by the logarithmic constants (following the ideas of Glass &
Goldberg [10]). This will be the subject of future research.
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A Advanced and retarded linear fields
Torrence & Janis [21] obtained set of advanced and retarded solutions for the spin-2 zero-rest-
mass field equations in Minkowski spacetime. Their results can be easily extended to fields of
arbitrary spin. The general results are listed here for reference.
Let,
Kp =
(
2p
(l − p)!
(l + p)!
)1/2
. (90)
A.1 Advanced field for an arbitrary spin-s zero rest-mass field.
φ0 = Ks
∑
l,m
(sYl,m)r
l−s∂l+sr
(
Blm(v)
rl−s+1
)
, (91)
...
φn = Ks−n
∑
l,m
(s−nYl,m)r
l−s∂l+s−nr
(
Blm(v)
rl−s+n+1
)
, (92)
...
φ2s = K−s
∑
l,m
(−sYl,m)r
l−s∂l−sr
(
Blm(v)
rl+s+1
)
, (93)
where Blm(v) is an arbitrary function of v = u+2r. These solutions are interpreted as advanced
because they are constant on the v = const. past null cones.
A.2 Retarded field for an arbitrary spin-s zero rest-mass field.
φ0 = Ks
∑
l,m
(sYl,m)r
l−s(∂r − 2∂u)
l−s
(
blm(u)
rl+s+1
)
, (94)
...
φn = Ks−n
∑
l,m
(s−nYl,m)r
l−s(∂r − 2∂u)
l−s+n
(
blm(u)
rl+s−n+1
)
, (95)
...
φ2s = K−s
∑
l,m
(−sYl,m)r
l−s(∂r − 2∂u)
l+s
(
blm(u)
rl−s+1
)
, (96)
where blm(u) are arbitrary functions of the retarded time u. These functions are the time reversed
counterpart of the advanced solutions listed above. Hence, they are interpreted as retarded
radiation fields.
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B The peeling spin-2 zero-rest-mass field in Minkowski space-
time.
Setting s = 2 in equations (14) and (13), one obtains for M the following set of equations:
Dφn − ðφn−1 = (2s− n+ 1)ρφn, (97)
∆φn−1 − ðφn = −nµφn−1, (98)
where n = 1, . . . , 4. Assuming that the field peels, i.e.
φn =
∑
j=2s−n+1
φjnr
−j , (99)
it is not difficult to solve the field equations (97) and (98) order by order. From the hypersurface
equations (97) one gets:
φ6−nn = −ð1φ
6−n
n−1, (100)
φ7−nn = −
1
2
ð1φ
7−n
n−1,
φ8−nn = −
1
3
ð1φ
8−n
n−1,
...
whereas from the evolution equations (98) one gets:
φ˙6−nn−1 = ð1φ
5−n
n , (101)
φ˙7−nn−1 = ð1φ
6−n
n − (3− n)φ
6−n
n−1,
φ˙8−nn−1 = ð1φ
7−n
n − (3− n+
1
2
)φ7−nn−1,
...
C Minimal no-peeling (polyhomogeneous) spin 2 zero-rest-
mass fields in Minkowski spacetime.
If the spin-2 zero-rest-mass field is minimally non-peeling, then
φ0 = φ
4
0r
−4 + φ50r
−5 + · · · , (102)
φn =
∑
j=2s−n+1
φjnr
−j , (103)
where n ≥ 2, and the coefficients in the expansions are at most polynomials of degree 1 in ln r.
In particular one has:
#φ40 = #φ
3
2 = #φ
2
3 = #φ
3
3 = #φ
1
4 = #φ
2
4 = #φ
3
4 = 0, (104)
i.e. the do not contain ln r. Solving the 4 hypersurfaces equations (97) one gets:
φ4′1 = ð1φ
4
0, (105)
φ6−nn = −ð1φ
6−n
n−1 + φ
6−n′
n ,
φ7−nn = −
1
2
ð1φ
7−n
n−1 + φ
7−n′
n ,
φ8−nn = −
1
3
ð1φ
8−n
n−1 + φ
8−n
n ′,
...
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From the evolution equations (98):
φ˙40 = 0, (106)
φ˙50 +
3
2
φ40 − ð1φ
4
1 = 0,
and
φ˙6−nn−1 = ð1φ
5−n
n , (107)
φ˙7−nn−1 = ð1φ
6−n
n − (3− n)φ
6−n
n−1 +
1
2
φ6−n′n−1 ,
φ˙8−nn−1 = ð1φ
7−n
n − (3− n+
1
2
)φ7−nn−1 +
1
2
φ7−n′n−1 ,
...
for n ≥ 2.
Note how the expressions one obtains for the non-peeling field are essentially the same ones
for the peeling field, the only difference being the presence of terms of the form φ′. These terms
are all of them of degree zero in lnr, therefore the relations for the logarithmic coefficients are
identical to those for the coefficients of the peeling field. This shows that the field
(1)
φ ABCD
constructed out of the logarithmic coefficients in the way described in section 3, is a zero-rest-
mass field. Generalizations to other classes of polyhomogeneous fields and different spins can be
easily obtained.
D A minimal polyhomogeneous spin 2 zero-rest-mass field
on a minimally polyhomogeneous background
As a quick reference, the leading terms of the Weyl tensor, spin coefficients and tetrad functions
for a minimal polyhomogeneous spacetime are given:
Ψ0 = Ψ
4,0
0 r
−4 +
(
Ψ5,10 ln r +Ψ
5,0
0
)
r−5 +O(r−6 ln r), (108)
Ψ1 =
(
Ψ4,11 ln r +Ψ
4,0
1
)
r−4 +O(r−5 ln r), (109)
Ψ2 = Ψ
3,0
2 r
−3 +O(r−4 ln r), (110)
Ψ3 = Ψ
2,0
3 r
−2 +Ψ3,03 r
−3 +O(r−4 ln r), (111)
Ψ4 = Ψ
1,0
4 r
−1 +Ψ2,04 r
−2 +Ψ3,04 r
−3 +O(r−4 ln r), (112)
ρ = −r−1 − σ2,0σ2,0r
−3 +O(r−4 ln r), (113)
σ = σ2,0r
−2 + σ3,0r
−3 +O(r−4 ln r), (114)
α = α1,0r
−1 + α2,0r
−2 +O(r−3 ln r), (115)
β = −α1,0r
−1 + β2,0r
−2 +O(r−3 ln r), (116)
τ = τ2,0r
−2 +O(r−3 ln r), (117)
π = π2,0r
−2 +O(r−3 ln r), (118)
γ = γ2,0r
−2 +O(r−3 ln r), (119)
µ = −1/2r−1 + µ2,0r
−2 +O(r−3 ln r), (120)
ν = ν2,0r
−2 +O(r−3 ln r), (121)
ξα = ξα0 r
−1 − σ2,0ξ
α
0 +O(r
−3 ln r), (122)
Cα = Cα2 +O(r
−3 ln r), (123)
Q = −1/2 +Q1r
−1 +O(r−2 ln r). (124)
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The hypersurface equations yield,
φ4′1 = ð1φ
4
0
{
φ4,11 = ð1φ
4,0
0 (125)
φ5′1 − φ
5
1 − ð1φ
5
0 − ð2φ
4
0 = π2φ
4
0
{
−φ5,11 − ð1φ
5,1
0 = 0
φ5,11 − φ
5,0
1 − ð1φ
5,0
0 − ð2φ
4,0
0 = π2,0φ
4,0
0
(126)
φ4′2 − φ
4
2 − ðφ
4
1 = −λ1φ
4
0
{
−φ4,12 − ðφ
4,1
1 = −λ1,0φ
4,0
0
φ4,12 − φ
4,0
2 − ðφ
4,0
1 = −λ1,0φ
4,0
0
(127)
φ3′3 − φ
3
3 = ð1φ
3
2
{
−φ3,13 = ð1φ
3,1
2
φ3,13 − φ
3,0
3 = ð1φ
3,0
2
(128)
φ2′4 − φ
2
4 = ð1φ
2
3
{
−φ2,14 = ð1φ
2,1
3
φ2,14 − φ
2,0
4 = ð1φ
2,0
3
(129)
While the evolution equations give,
φ˙40 = 0
{
φ˙4,00 = 0 (130)
φ˙50 +
3
2
φ40 − ð1φ
4
1 = 3σ2φ
3
2
{
φ˙5,10 − ð1φ
4,1
1 = 0
φ˙5,00 +
3
2φ
4,0
0 − ð1φ
4,0
1 = 3σ2,0φ
3,0
2
(131)
φ˙41 − ð1φ
3
2 = 2σ2φ
2
3
{
φ˙4,11 = 0
φ˙4,01 − ð1φ
3,0
2 = 2σ2,0φ
2,0
3
(132)
φ˙32 − ð1φ
2
3 = σ2φ
1
4
{
φ˙3,02 − ð1φ
2,0
3 = σ2,0φ
1,0
4 (133)
φ˙23 − ð1φ
1
4 = 0
{
φ˙2,03 − ð1φ
1,0
4 = 0 (134)
The hypersurface and evolution equations for the leading terms of the auxiliary field are the
same ones of the coefficients of the form φx,1n .
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